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Abstract

The hydrodynamic modes of a three-dimensional sheared granular +ow are determined by
solving the linearised Boltzmann equation. The steady state is determined using an expansion
in the parameter � = (1 − e)1=2, and terms correct to O(�4) are retained in the expansion. The
distribution function is expressed as the product of a Gaussian distribution and an expansion in
Hermite polynomials, and the coe4cients in the expansion are determined by solving the Boltz-
mann equation for the steady +ow. A basis set consisting of 14 functions, containing products
of Hermite polynomials upto fourth order, were used for calculating the steady distribution func-
tion. In order to determine the decay rate of the hydrodynamic modes, small perturbations in the
form of Fourier modes in the spatial directions and a Hermite polynomial expansion in the par-
ticle velocities, were placed on the base state, and the initial growth rates of these perturbations
were determined. The number of solutions for the initial growth rates depend on the number of
basis functions used for de7ning the perturbations. However, it was found that the initial growth
rates of the hydrodynamic modes showed small variations when the number of basis functions
was increased from 10 to 20. The initial growth rates for the hydrodynamic modes showed
unusual behaviour in the +ow and the vorticity directions. In the +ow directions, the scaling
laws previously obtained for a two-dimensional system were recovered in this case as well. In
the vorticity direction, it was found that all 7ve growth rates were real, and proportional to
m in the limit m→ 0, where m is the wave number in the vorticity direction. In addition, two
of the growth rates are positive, indicating that there are two unstable modes in this direction.
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1. Introduction

The homogeneous shear +ow of a granular material is a widely studied example of
a driven dissipative system, where there is a balance between the source of energy
due to the mean shear and the dissipation of energy due to inelastic collisions between
particles. It is natural to draw an analogy between the motion of the particles in
the shear +ow, and that of molecules in a gas, and kinetic theory techniques [1–4]
have been used to obtain macroscopic equations for the homogeneous sheared granular
+ow. The method used is similar to the derivation of the Navier–Stokes equation for a
hard sphere gas from the Boltzmann equation using the Chapman–Enskog theory. The
resultant equations are similar to that for a gas at equilibrium, with an additional energy
dissipation term due to inelastic collisions. Kinetic theory techniques have also been
used to determine the boundary conditions for the shear +ow [5]. Approximate methods
for determining the distribution function using the revised Enskog expansion have also
been developed [6,7]. In recent years, another system that has received attention is the
homogeneous cooling state of a granular gas. The homogeneous state of the system
has been studied [8,9], and the hydrodynamic modes have also been determined [10].
There have been many studies on the stability of the homogeneous sheared state

of the granular material. The earliest results were obtained by computer simulations
[11], which indicated that the homogeneous sheared state of the material is unstable
to density perturbations. The stability of a homogeneous sheared state to perturbations
in the direction perpendicular to the mean velocity was 7rst analysed by Mello et al.
[12]. Subsequent studies by Savage [13] and Babic [14] considered perturbations in
the +ow as well as the gradient directions. Using a continuum description based on
the mass, momentum and energy conservation equations, a linear stability analysis
was used to determine the growth rate of perturbations. Both these studies indicated
that the sheared state is unstable for a wide range of parameter values. Subsequent
studies [15,16] used a more sophisticated stability analysis where the wave vector of
the disturbances were considered to be a function of time, and the wave vector was
considered to be turning with the +ow. In these studies, the evolution of a suitably
de7ned norm of the disturbance 7eld was analysed to determine the stability of the
system. These studies indicated that though the homogeneous sheared state is linearly
unstable, the norm of the disturbance 7eld could still bounded at long times after
transients decay, and the homogeneous state could still be stable at long times. All of
these studies used a continuum description of the granular +ow.
In earlier studies by the author, the Boltzmann equation was used as the start-

ing point for determining the steady distribution function and the growth rate of the
hydrodynamic modes. The steady distribution for a homogeneous shear +ow and a
wall bounded shear +ow were determined using a Hermite polynomial expansion start-
ing from the Boltzmann equation [17]. The hydrodynamic modes of a two-dimensional
sheared granular material for this steady distribution was studied [18] using the
Boltzmann equation as the starting point. The base state was considered as the prod-
uct of a Gaussian distribution and an expansion in a Hermite polynomial series, and
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the coe4cients of the terms in the series were determined using an expansion in the
parameter � = (1 − e)1=2. Terms correct to O(�4) were retained in the expansion. The
initial growth rates of the hydrodynamic modes were determined by placing small per-
turbations on the base +ow in the form of Fourier modes in the spatial directions and a
Hermite polynomial expansion in the particle velocities. The results indicated that the
hydrodynamic modes show unusual behaviour for perturbations in the +ow direction.
In particular, there one mode, corresponding to the transverse momentum in an elastic
system, which has a positive growth rate indicating that this mode is unstable in the
long wavelength limit. The growth rate of this mode increases proportional to |k|2=3
in the limit k→ 0, where k is the wave vector in the +ow direction. The real and
imaginary parts of the propagating modes also show the |k|2=3 behaviour in the limit
k→ 0, while the mode corresponding to energy +uctuations is damped.

Since unusual behaviour is exhibited by the hydrodynamic modes in a two-
dimensional system, it is of interest to examine whether a three-dimensional sheared
granular +ow also exhibits similar behaviour. It is also of interest to examine the scaling
of the modes in the vorticity direction, perpendicular to the plane of +ow and velocity
gradient, since this cannot be examined in a two-dimensional system. An analysis of
the hydrodynamic modes for a three-dimensional sheared granular +ow starting from
the Boltzmann equation is carried out in the present paper.

2. Steady velocity distribution

The calculation of the steady velocity distribution is similar to that for a two-
dimensional system, and so only a brief description is provided here. The system
consists of rigid spherical particles undergoing a steady shear +ow. The energy source
is provided by the mean shear, and energy is dissipated due to inelastic collisions be-
tween the particles. The collisions are modeled with a constant coe4cient of restitution
e which is independent of the relative velocity of the particles. A Cartesian coordinate
system is used, where the mean velocity and velocity gradient are in the x and y direc-
tions, respectively, and the vorticity vector is in the z direction. The non-dimensional
velocity and length scales are de7ned as u = (U=T 1=2) and x = X=(nd2)−1, where
U is the dimensional ‘peculiar’ velocity, which is the diIerence between the parti-
cle velocity and the mean velocity, and X is the dimensional position vector, and n
and d are the number density and diameter of the particles. The dimensional mean
velocity is de7ned as Um = 
Y ex, where ex is the unit vector in the x direction.
The scaled strain rate, which is the rate of change of the mean velocity in the x
velocity with the y coordinate, then becomes �= 
=(nd2T 1=2), where 
 is the dimen-
sional strain rate. The analysis proceeds with the de7nition of the velocity distribution
function, f(x; u; t); such that f(x; u; t) dx du is the number of particles in the dif-
ferential volume dx about x in real space and du about u in velocity space. For a
steady homogeneous +ow, f(x; u; t) = F(u) is only a function of particle velocity.
The Boltzmann equation for the distribution function at steady state in the absence of
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spatial gradients is

− �
@uyF(u)

@ux
=

@cF(u)
@t

; (1)

where the collision integral is
@cF(u)

@t
=
∫
u∗

∫
a
(e−2F(ub)F(u∗b )− F(u)F(u∗))w:a ; (2)

where
∫
u∗ ≡ ∫

du∗ and
∫
a ≡ ∫

da. In the equation 1, the velocity ui is the velocity
relative to the mean +ow velocity. In Eq. (2), ub and u∗b are the velocities of a
pair of particles before collision so that the post collisional velocities are u and u∗,
a is the unit vector in the direction of the line joining the centers of particles at
collision, w = u − u∗ is the velocity diIerence between the particles, and the above
integral is carried out for w:a¿0 so that the particles approach each other prior to
collisions. The factor e−2 in the 7rst term of the above equation accounts for the
contraction of phase space in a collision due to the inelastic nature of the collision
between particles.
An expansion of the form

F(u) = F0(u)

[
1 +

I∑
n=1

Ai�i(u)

]
; (3)

where F0(u) is the Maxwell–Boltzmann distribution

F0(u) =
(

1
2�

)3=2

exp
(
−u2

2

)
(4)

is used for calculating the distribution function, where the basis functions �i are chosen
as follows. If an index N is chosen such that polynomials of order unxu

p−n
y uN−p

z (for
n6p and p6N ) and of lower order are retained in the expansion, the total number
of terms in the expansion is I . Only even values of p and (N−p) are used in the
expansion for the base state, because the distribution function has to satisfy the sym-
metries f(−ux;−uy; uz)=f(ux; uy; uz) and f(ux; uy;−uz)=f(ux; uy; uz). Of these, it is
necessary to consider the eigenfunctions for the mass and energy separately

�I−1 = (u2x + u2y + u2z − 3)=
√
6 ;

�I = 1 (5)

since these are collisional invariants. The other basis functions, �1 to �I−2, are
de7ned as

�i(ux; uy; uz) = Hen(ux)Hep−n(uy)Heq−p(uz)=|Hen(ux)Hep−n(uy)Heq−p(uz)|
(6)

for p= 2; 4; 6; : : : ; l and q= 0; 2; : : : ; N , and the norm | : : : | is de7ned as

|Hen(ux)Hep−n(uy)Heq−p(uz)|=
∫ ∞

−∞
dux

∫ ∞

−∞
duy

∫ ∞

−∞
duz

( 1
2�

)3=2

×exp

(
−u2x + u2y + u2z

2

)
Hen (ux)Hep−n(uy)Heq−p(uz) : (7)
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The above norm ensures that the functions �i have the following property:

|�i�j|= 1 for i = j ; (8)

= 0 for i �= j : (9)

In expansion 3, the coe4cients AI−1 and AI can be set equal to zero without loss of
generality, since the basis functions corresponding to these coe4cients are the mass
and energy. It is appropriate to use a Hermite polynomial expansion because they form
a complete and orthogonal function space when the inner product is de7ned with a
Gaussian distribution as the weighting function.
The expansion is inserted into the Boltzmann equation, multiplied by F0(u)�j(u)

and integrated over the velocity coordinates to obtain a non-linear vector equation of
the form

− �(Hi + GijAj) =Mi + LijAj + NijkAjAk (10)

were summation is carried out over the repeated indices, the I × 1 matrices Hi and Mi

are

Hi =
∫
u
�i(u)

@(uyF0(u))
@ux

; (11)

Mi =
∫
u

∫
u∗

∫
a
F0(u)F0(u∗)(�i(u′)− �i(u))w:a (12)

the I × I matrices Gij and Lij are

Gij =
∫
u
�i(u)

@(F0(u)uy�j(u))
@ux

; (13)

Lij =
∫
u

∫
u∗

∫
a
F0(u)F0(u∗)(�j(u) + �j(u∗))(�i(u′)− �i(u))w:a (14)

(15)

and the third order tensor Nijk is

Nijk =
∫
u

∫
u∗

∫
a
F0(u)F0(u∗)�j(u)�k(u∗)(�i(u′)− �i(u))w:a ; (16)

where u′ is the velocity after an inelastic collision of a particle which has a precol-
lisional velocity u and collides with a particle with velocity u∗ with the unit vector
along the line of centers given by a.
The coe4cients Ai and the shear rate � are obtained using an asymptotic expansion

in the parameter �=(1−e)1=2 in the limit (1−e)�1, and terms upto O(�4) are retained
in the expansion. The scaled shear rate is expanded as

�= ��(1) + �2�(2) + �3�(3) + �4�(4) (17)

while the coe4cients Ai are expressed as

Ai = �A(1)
i + �2A(2)

i + �3A(3)
i + �4A(4)

i (18)
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Table 1

K = 5 K = 14

� 6:34133�− 0:72392�3 6:29475� + 2:46542�3

〈uxuy〉 −1:11803� + 0:36151�3 −1:12631� + 0:85694�3

〈u2x − u2y〉 1:25�2 − 2:1546�4 2:5727�2 − 2:0174�4

〈u2y − u2z 〉 −0:0446�2 − 0:0125�4 −0:2090�2 + 0:1064�4

Similarly, the matrices Mi; Lij and Nijk are also expanded in a series in the parameter �

Mi =M (0)
i + �2M (2)

i + �4M (4)
i + · · ·

Lij = L(0)ij + �2L(2)ij + �4L(4)ij + · · ·

Nijk = N (0)
ijk + �2N (2)

ijk + �4N (4)
ijk + · · · (19)

In these series, only the terms corresponding to even powers of � are non-zero be-
cause only powers of (1 − e) appear in these integrals. These series are inserted into
Eq. (10) to obtain solutions for the shear rate and the coe4cients A(p)

i . The leading
order equation is identically satis7ed, since the Maxwell–Boltzmann distribution is a
solution of the elastic collision operator. The O(�) equation is

− �(1)Hi = L(0)ij A(1)
j : (20)

This provides the coe4cients A(1)
i in terms of the leading order strain rate �(1) for

i=(1; I −2). Equations for i=(I −1; I) are identically satis7ed at this order. Note that
the strain rate �(1) is as yet unspeci7ed. This is provided by the O(�2) correction to the
energy equation (for i= I − 1). It can easily be veri7ed that HI−1 = 0, and N (0)

(I−1) jl =

L(0)(I−1) j = 0 for all j; l. Consequently, the leading order energy equation simpli7es to

�1G(I−1) jA
(1)
j +M (2)

I−1 = 0 : (21)

A similar procedure is used for determining the higher corrections to the distribution
function.
The corrections to the distribution function have been obtained correct to O(�4) or

(1− e)2 in the asymptotic expansion. Two sets of basis functions, one for I =5 corre-
sponding to all moments upto second order (of the form unxu

m−n
y u2−m

z for 06n6m62)
and one for I = 14 corresponding to all moments upto fourth order (of the form
unxu

m−n
y u4−m

z for 06n6m64) have been used. The results of the calculation are shown
in Table 1. It is seen that the results for the shear rate and the moments of the velocity
are in good agreement upto for I = 5 and I = 14 upto O(�2), though there is some
variation for the O(�3) contributions. This indicates that truncation at second moments
is not su4cient to capture the O(�3) contribution to the distribution function, and a
larger set of moments may be necessary. The results for I =14 are for calculating the
decay rate of perturbations in the next section.
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3. Dispersion relations

To calculate the dispersion relations, perturbations are imposed on the distribution
function of the form

f(x; u; t) = F(u) + f′(x; u; t) ; (22)

where the perturbation f′(x; u; t) has the form

f′(x; u; t) = f†(t; u) exp(�kx + �ly + �mz) ; (23)

where k; l and m are the wave numbers in the x (+ow), y (gradient) and z (vorticity)
directions, respectively. The linear variation of the mean velocity with the y coordinate
results in a convective term in the Boltzmann equation which is a linear function of
this coordinate, and so it is not possible to obtain an eigenvalue problem for the growth
rate. This complication is resolved by a transformation where the wave vector rotates
with the mean +ow. In this case, the components of the wave vector are written as
k(t) = k(0); l(t) = l(0)− �k(0) and m(t) =m(0). After this transformation is eIected,
the growth rate at the initial time (t = 0) is determined using the transformation

f†(t; u) =f̃(u) exp(st) ; (24)

where s is the initial growth rate. The above form of the distribution function is inserted
into the Boltzmann equation, and linearised about the base state to obtain an equation
for the form

(s+ �kux + �luy + �muz)f̃ − �
@uyf̃
@ux

=
@clf̃
@t

; (25)

where the linearised collision integral is given by

@clf̃
@t

=
∫
u∗

∫
a

(
1
e2
(F(ub)f̃(u∗b ) + F(u∗b )f̃(ub))

−F(u)f̃(u∗)− F(u∗)f̃(u))
)
w:a : (26)

A series of the following form is assumed for the perturbation to the distribution
function f̃:

f̃(u) = F0(u)
J∑

i=1

Ãi�i ; (27)

where the basis functions �i were de7ned in Eqs. (5) and (6). This series is inserted
into Eq. (25), multiplied by the basis function �i(u) and integrated over the particle
velocities to get the following matrix equation:

(sIij + �kXij + �lYij + �mZij − �Gij − Cij)Ãj =MijÃj = 0 ; (28)

where Iij is the identity matrix, and the other matrices are de7ned as

Xij =
∫
u
F0(u)ux�i(u)�j(u) ; (29)
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Yij =
∫
u
F0(u)uy�i(u)�j(u) ; (30)

Zij =
∫
u
F0(u)uz�i(u)�j(u) ; (31)

Gij =
∫
u
F0(u)�i(u)

(
@uy�j(u)

@ux
− uyux�j

)
; (32)

Cij =
K∑

k=1

Ak

∫
u

∫
u∗

∫
a
F0(u)F0(u∗)(�k(u)�j(u∗)

+�k(u∗)�j(u))(�i(u′)− �i(u))(w:a) : (33)

The dispersion relation is obtained by setting the determinant of the matrix Mij equal
to zero, so that there are non-trivial solutions for the amplitudes Ãj.
The values of J in 27, the total number of basis functions used, were J =10 (corre-

sponding to all moments of the type uixu
j−i
y u2−j

z for i6j62) and J=20 (corresponding
to all moments of the type uixu

j−i
y u3−j

z for i6j63). It was found that though the set
of eigenvalues for the dispersion matrix depended on the number of basis functions
used, the eigenvalues for the hydrodynamic modes (which have zero decay rates in a
homogeneous elastic system) was relatively insensitive to the number of basis func-
tions used. The results for a basis set consisting of 20 basis functions are presented in
the next section. A comparison for the results obtained using 10 basis functions and
20 basis functions for e = 0:7 (the lowest value of elasticity used) is also provided,
in order to show that the variation is small when the number of basis functions is
increased from 10 to 20. For an elastic system, a set of 10 basis functions does not
provide the correct expression for the energy decay rate, because third moments (which
are responsible for the convection of energy) are not included in the description. Sur-
prisingly, they do provide an accurate description for inelastic systems, as shown in
the next section, because the energy mode is damped. The basis set consisting of 20
basis functions provides an accurate result for the decay rate of the energy mode.

4. Results

The results are 7rst validated with those for an elastic system of particles where
mass, momentum and energy are conserved variables. For a basis set consisting of I
functions, there are I solutions for the growth rate. For a system of elastic particles [19],
7ve of these correspond to the conserved mass, momenta and energy basis functions.
In a homogeneous system (k = 0), the growth rate corresponding to these 7ve basis
functions is equal to zero, while all others are negative. For k �= 0, the energy mode sd3
is diIusive, which implies that their growth rate is real, negative and proportional to
k2 in the limit k→ 0. The two transverse velocity modes sd1 and sd2 are also diIusive
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Fig. 1. Variation in the magnitudes of the growth rates of the hydrodynamic modes for a three dimensional
gas of elastic particles: (©) − sd1;−sd2; (♦) − sd3; (�) − spr ; (�) spi .

Fig. 2. Variation in sd1 as a function of k: (©) e=0:99; (♦) e=0:95; ( ) e=0:9; (�) e=0:8; (�) e=0:7.
The broken line shows the result obtained using 10 basis functions for e = 0:7.

and have equal damping rates. There are two modes corresponding to the propagation
of sound which involve density and longitudinal momentum variations. The real part
of the growth rates of these modes, spr , are negative and proportional to k2, while
the imaginary parts, spi, are equal in magnitude and opposite in sign and increase
proportional to k in the limit k→ 0. The growth rates for the above hydrodynamic
modes, obtained using a basis set consisting of 20 basis functions, are shown in Fig. 1.
Note that the real parts of the growth rates for the hydrodynamic modes are negative,
and their magnitudes are shown in Fig. 1.
The initial growth rates in the sheared state for inelastic particles depend on the

wave vectors in the three directions, k; l and m. It is 7rst useful to examine the
dependence of the results when the number of basis functions is varied from 10 to 20.
Figs. 2–6 show the variation in the initial growth rates of diIerent modes for e = 0:7
when the number of basis functions is changed from 10 to 20. It is observed that there
is excellent agreement between the results even at the lowest value of the coe4cient
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Fig. 3. Variation in −sd2 as a function of k: (©) e=0:99; (♦) e=0:95; ( ) e=0:9; (�) e=0:8; (�) e=0:7.
The broken line shows the result obtained using 10 basis functions for e = 0:7.

Fig. 4. Variation in −sd3 as a function of k: (©) e=0:99; (♦) e=0:95; ( ) e=0:9; (�) e=0:8; (�) e=0:7.
The broken line shows the result obtained using 10 basis functions for e = 0:7.

Fig. 5. Variation in −spr as a function of k: (©) e=0:99; (♦) e=0:95; ( ) e=0:9; (�) e=0:8; (�) e=0:7.
The broken line shows the result obtained using 10 basis functions for e = 0:7.
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Fig. 6. Variation in |spi| as a function of k: (©) e=0:99; (♦) e=0:95; ( )e=0:9; (�) e=0:8; (�) e=0:7.
The broken line shows the result obtained using 10 basis functions for e = 0:7.

of restitution considered here. Consequently, the results reported below are obtained
using a basis set consisting of 20 functions.
The growth rate for the perturbations in the +ow directions as a function of wave

number k for l= 0 and m= 0 have the following characteristics.
(1) As in the case of a two-dimensional sheared system, the growth rate for the

least stable diIusive mode sd1 is real and positive. This con7rms previous results that
long wave length perturbations are unstable for modes with wave vector along the
+ow direction for three-dimensional sheared granular +ows as well. The growth rate is
plotted as a function of k in Fig. 2 for diIerent values of the coe4cient of restitution e.
It can be seen that the scaling of the growth rate of the diIusive mode has the form

sd1 = sd1k |k|2=3 (34)

for k�1, in contrast to the usual hydrodynamic scaling sd1˙k2 for systems of elastic
particles. The variation of the coe4cient sd1k with the coe4cient of restitution is shown
in Fig. 7. As in the two-dimensional case, the coe4cient sd1k scales as (1 − e)1=3 in
the limit (1− e)�1.
(2) The growth rate for second diIusive mode is negative, and scales as

sd2 =−sd2kk2 (35)

as shown in Fig. 3. The coe4cient sd2k converges to the value expected for elastic
systems in the limit (1− e)�1, as shown in Fig. 7.
(3) The growth rate for the third diIusive mode, sd3, is negative and converges to a

7nite value in the limit k→ 0, as shown in Fig. 4. This is because energy is no longer
conserved in collisions. In the limit (1− e)�1, the coe4cient sd3˙(1− e), as shown
in Fig. 7.
(4) The real part of the growth rate for the propagating mode spr turns out to be

negative, and −spr is plotted as a function of k for diIerent values of e in Fig. 5. It
is observed here as well that the growth rate has the form

spr =−sprk |k|2=3 ; (36)
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Fig. 7. The coe4cients sd1k (©); sd2k ( ); sprk (�); spik (�) and −sd3 (♦) as a function of (1 − e) in
the limit k → 0.

where sprk , which is a positive coe4cient, is shown as a function of e in Fig. 7. This
is in contrast to the k2 scaling for elastic systems. Fig. 7 shows that sprk increases with
increase in (1− e), and scales in a manner similar to sd1k .
(5) The imaginary part of the growth rate for the propagating mode, spi, shown in

Fig. 6, is also of the form

spi =±spik |k|2=3 (37)

in contrast to the hydrodynamic scaling spi˙k in elastic systems. The coe4cient spik ,
shown as a function of e in Fig. 7, also has a scaling similar to sd1k and sprk .
The behaviour of the growth rates as a function of l in the gradient direction at

k = 0 and m= 0 are very similar to that for a two-dimensional system. Therefore, the
results are just brie+y mentioned here for completeness.
(1) The growth rates for two of the diIusive modes are negative and have the form

sd1 =−sd1ll2 ; (38)

sd2 =−sd2ll2 : (39)

However, the coe4cients sdl1 and sdl2 are diIerent, unlike in the case of a homogeneous
system where the growth rates of the two transverse velocity modes are identical. The
variation of sd1l and sd2l with the parameter (1− e) is shown in Fig. 8. It is observed
that sd2l converges to the value for an elastic system in the limit (1 − e)�1, but the
coe4cient sdl1 has a signi7cantly diIerent value even for e= 0:99. This is in contrast
to the two-dimensional case, where the coe4cient of the least-stable diIusive mode
decreased proportional to (1− e)2 in the limit (1− e)�1.

(2) The real and imaginary parts of the growth rate for the propagating modes, spr
and spi, are of the form

spr =−sprll2 ; (40)

spi =±spill : (41)
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Fig. 8. The coe4cients sd1l (©); sd2l ( ); sprl (�); spil (�) and −sd3 (♦) as a function of (1− e) in the
limit k → 0.

Table 2

e = 0:99; m = 0:001 e = 0:99; m = 0:01 e = 0:9; m = 0:01 e = 0:9; m = 0:1

s1 1:217× 10−3 9:485× 10−3 1:166× 10−2 8:606× 10−2

s2 3:045× 10−5 2:887× 10−4 8:707× 10−4 7:200× 10−3

s3 −3:080× 105 −2:255× 10−2 −9:041× 10−4 −0:1930
+9:309× 10−3� +0:1133�

s4 −1:309× 10−3 −2:255× 10−2 −1:274× 10−2 −0:1930
−9:309× 10−3� −0:1133�

s5 −3:546× 10−2 −3:401 −0:2925 −2:7564

A decrease in the coe4cient of restitution increases the coe4cient sprl, thereby in-
creasing the damping, and Fig. 8 indicates that sprl increases proportional to (1− e)−1

while spil tends to a constant value in the limit (1− e)�1.
(3) The growth rate of the mode corresponding to total energy, sd3, is damped

because energy is not conserved in collisions. The variation of the growth rate in the
limit l�1, shown in Fig. 8, is similar to the variation of sd3 in the limit k�1.
It should be noted that the scaling relations obtained from Figs. 7 and 8 are approx-

imate, since it was not possible to extend the numerical results to (1 − e)¡ 0:01 for
reasons mentioned below.
The growth rate for perturbations in the vorticity direction as a function of wave

number m at k=0 and l=0 have a more complicated behaviour. An example is shown
in Table 2, where the growth rates for the hydrodynamic modes is shown as a function
of m at diIerent values of the coe4cient of restitution. Two important inferences can
be drawn
(1) There are two unstable modes which have growth rates with positive parts. This

is in contrast to one unstable mode for variations in low direction (l=0; m=0) and no
unstable modes for variations gradient direction (k = 0; m = 0). In addition, it can be
seen two pairs of modes have growth rates of nearly equal magnitude positive signs.
(2) At a given coe4cient of restitution, the growth rates of the hydrodynamic modes

are all real for low values of m, indicating that there are no propagating modes in this
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Fig. 9. Wave vector mc for the cross over from 7ve diIusive hydrodynamic modes of three diIusive and
two propagating modes as a function of (1− e).

Fig. 10. Variation in sd1 as a function of m. The solid line shows the variation for m¡mc, and the broken
line for m¿mc: (©) e = 0:99; (♦) e = 0:95; ( ) e = 0:9; (�) e = 0:8; (�) e = 0:7.

limit. As the wave number m is increased, is a cross over to the usual hydrodynamic
behaviour where three growth rates are real (corresponding to the diIusive energy
and transverse velocity modes), and the other two are complex and conjugate of each
other (corresponding to the propagating sound modes). The value mc for the cross over
between these two types of behaviour shown as a function of (1 − e) in Fig. 9. It is
seen that the value for the crossover decreases proportional to (1 − e)−1 in the limit
(1− e)→ 0.
The behaviour of the hydrodynamic modes in the parameter regimes where there are

7ve real growth rates are shown in Figs. 10–15.
(1) The two unstable modes have growth rates increasing proportional to m in the

limit m�1, as shown in Figs. 10 and 11.

sd1 = sd1mm ;

sd2 = sd2mm : (42)
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Fig. 11. Variation in sd2 as a function of m. The solid line shows the variation for m¡mc, and the broken
line for m¿mc: (©) e = 0:99; (♦) e = 0:95; ( ) e = 0:9; (�) e = 0:8; (�) e = 0:7.

Fig. 12. Variation in −sd3 as a function of m. The solid line shows the variation for m¡mc, and the broken
line for m¿mc: (©) e = 0:99; (♦) e = 0:95; ( ) e = 0:9; (�) e = 0:8; (�) e = 0:7.

Fig. 13. Variation in −sd4 (solid line) for m¡mc and −spr (broken line) for m¿mc as a function of m:
(©) e = 0:99; (♦) e = 0:95; ( ) e = 0:9; (�) e = 0:8; (�) e = 0:7.
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Fig. 14. Variation in −sd5 as a function of m for m¡mc: (©) e=0:99; (♦) e=0:95; ( ) e=0:9; (�) e=0:8;
(�) e = 0:7.

Fig. 15. Variation in |spi| as a function of m for m¿mc: (©) e=0:99; (♦) e=0:95; ( ) e=0:9; (�) e=0:8;
(�) e = 0:7.

The coe4cients sd1m and sd2m are shown as a function of (1 − e) in Fig. 16. It is
observed that the coe4cient sd1m does not show much variation with (1 − e), while
the coe4cient sd2m decreases proportional to (1− e)1=2 in the limit (1− e)→ 0.

(2) Two of the stable modes have growth rates which are negative, and which
decrease proportional to m in the limit m�1, as shown in Figs. 12 and 13.

sd3 =−sd3mm ;

sd4 =−sd4mm : (43)

It is observed from Fig. 16 that the scaling of sdm3 is the same as that of sdm2, and
the scaling of sdm4 is the same as that of sdm1, though their numerical values are not
exactly identical.
(3) The third stable mode sd5 has a 7nite negative value in the limit m→ 0, as

shown in Fig. 14. Fig. 16 shows that this value decreases proportional to (1 − e) in
the limit (1− e)�1.
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Fig. 16. The coe4cients sd1m (©), sd2m ( ), sd3m (♦), sd4m (�) and −sd5 (�) as a function of (1− e) in
the limit k → 0.

It is also observed that the growth rates sd1, sd2 and sd3 are continuous when there is
a cross over at m=mc from 7ve diIusive modes to three diIusive and two propagating
modes. At m= mc, sd4 and sd5 become equal, and two propagating modes appear for
m¿mc. The real part of the growth rate of the propagating mode, shown in Fig. 13
for m¿mc, has a magnitude equal to sd4 and sd5 at m=mc. The imaginary part, shown
in Fig. 15, increases proportional to (m− mc)1=2 in the limit (m− mc)�m.
As in the case of a two-dimensional system, the above results indicate that there is

a qualitative change in the scaling of the hydrodynamic modes when the coe4cient of
restitution is changed from 1.0 to 0.99. It was shown [18] that the change in the scaling
of the growth rates with the wave number k in the velocity direction is continuous,
and there is no discontinuous change in the scaling behaviour. A similar feature is
observed for the three-dimensional system as well.

5. Conclusions

The behaviour of the hydrodynamic modes of a three-dimensional sheared granu-
lar material have been examined as a function of the coe4cient of restitution of the
particles. In the steady state, there is a source of energy due to the mean shear +ow,
and energy dissipation due to inelastic collisions between the particles. The particle
size is considered to be small compared to be the mean free path, so that the mean
free path 1=(nd2) is the only length scale in the problem, where n is the number
density and d is the particle diameter. The only time scale is the strain rate 
 of
the mean +ow, and the mean square velocity of the particles is related to the strain
rate from the energy conservation condition which requires that the source of en-
ergy due to the mean +ow is equal to the dissipation due to inelastic collisions. The
lengths are non-dimensionalised by the mean free path, and the velocity by the T 1=2,
where T is the mean-square velocity of the particles, and the resulting dimension-
less Boltzmann equation for the velocity distribution function depends only on the
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coe4cient of restitution e. The steady distribution function is expressed as the prod-
uct of the Gaussian distribution and a series expansion in Hermite polynomials. This
expansion is inserted into the Boltzmann equation, and solved to determine the coe4-
cients in the expansion. An asymptotic analysis in the small parameter � = (1 − e)1=2

is used, and terms correct to O(�4) are retained in the expansion. For the present cal-
culation, a basis set consisting of 14 basis functions was used to de7ne the steady
distribution.
The growth rate of the hydrodynamic modes were obtained using a linear stability

analysis, where small perturbations were placed on the mean +ow and the growth
rates of these perturbations were determined. The number of solutions for the growth
rates depend on the number of basis functions retained in the expansion, but it was
found that the solution for the growth rates for the hydrodynamic modes showed small
variations when the number of basis functions was varied from 10 to 20. For an elastic
system, there are 7ve modes, the mass, three components of the momenta and energy,
which have zero growth rates in a homogeneous system, because mass, momentum
and energy are conserved in collisions. All other modes have negative growth rates,
indicating that transients composed of these modes decay over time scales comparable
to the collision frequency. In the limit of small wave length, the energy and the two
transverse components of the momentum have diIusive behaviour, and the decay rate of
these modes decays proportional to k2 in the limit k→ 0. The longitudinal momentum
and density are propagating modes, and the decay rates of these have a real part
proportional to k2 and an imaginary part proportional to k.
The behaviour of the hydrodynamic modes in a sheared granular material are qual-

itatively diIerent from that in an elastic gas. It was shown earlier [18] for a two-
dimensional system that the growth rates of perturbations with variation in the +ow
direction show unusual scaling with the wave number. A similar behaviour is observed
in the three dimensional system.
(1) One of the diIusive modes corresponding to the transverse momentum has a

growth rate which is real and positive, indicating that perturbations are unstable in this
direction, and the growth rate increases proportional to |k|2=3 in the limit k→ 0. This
is in contrast to the k2 behaviour for an elastic system.
(2) The second diIusive mode corresponding to the transverse momentum is negative

and real, and scales proportional to k2 in the limit k→ 0.
(3) The energy mode has a growth rate which is negative and 7nite in the limit

k→ 0, since energy is dissipated in collisions between particles.
(4) The real part of the propagating modes is negative, indicating that these modes

are stable in the limit k→ 0. In addition, it is also observed that the real and imaginary
parts of the propagating modes also increase proportional to |k|2=3 in the limit k→ 0.
The |k|2=3 behaviour is due to the advection of the wave vector with the mean +ow,

and it was shown [18] for a simple convection diIusion equation with a mean shear
that the decay rate of the concentration +uctuations scales as |k|2=3 in the long time
limit. It has also been observed in thermostatted systems [20] where there is a drag
force on the particles which is proportional to the particle velocity.



V. Kumaran / Physica A 293 (2001) 385–404 403

The present analysis indicates that the behaviour of the hydrodynamic modes in the
vorticity direction, perpendicular to the plane of shear, also show unusual behaviour as
a function of the wave vector m in this direction. Some of the unusual features in this
direction are
(1) For a given coe4cient of restitution, the hydrodynamic modes are all real when

the wave vector m is less than a cross over value mc, and this cross over value
mc˙(1− e) in the limit (1− e)�1. Above the cross over value, there are three real
solutions and two complex solutions for the growth rate, as observed in elastic systems.
(2) Two of the real solutions are positive, indicating that there are two unstable

modes in the vorticity direction.
(3) For m¡mc, the growth rate of four of the 7ve hydrodynamic modes increase

proportional to m in the limit m→ 0. The 7fth mode converges to a 7nite value because
energy is dissipated in inelastic collisions.
The unusual behaviour of the hydrodynamic modes in the vorticity direction do not

seem to have been observed before. This could be of signi7cance in real granular
systems, because the analysis indicates that clustering takes place in both the +ow as
well as the vorticity directions. The vorticity direction appears to be the most unstable
direction for the sheared granular +ow, and the instability in this direction is not
recovered in previous two-dimensional studies.
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